
Ergodic Theory and Measured Group Theory
Lecture 2

Examples of pmp transformations /continued) .
One-sided shift on KY :p "Y, i. e. s : 2 "V→2"V

1×4 ↳ (✗µ ,)
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Hw := { ✗ C- 21N : WE ×} for some WGZC
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These generate the Borel a-algebra at 5 '

preserves couple- uts al unions , it's enough to show tht

v15' / Uw)) = Mud .
But 5' law) --4 ✗ c- 21N : ✗=* * *.. .}

so 91511Uw)) = vlw.) - ulw ,
) : .io/Wu-i)--9lUv),n:--1wl .

Obs
.
Baker 's map is isomorphic to the one-sided shift

on HN
,
v 'M with V : --15,11 ,

Proof
.

The baker's map b maps the binary rep . ✗ =D
.

✗oak .. .

to 0.x ,ha .
. .

,
so mapping ✗ tslxqxyxr , :)

maps 10,1) to IN al pushes the Lebesgue unsure
forward to II. {IN . this map is equivariant:

Yob = Soll
.



Two - sided shift on
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,
v74 .

s : 2%2"
.

(✗Inez ( ✗ " +Inez
this is a 1- 1

map
I clearly pnp bud , if Ww

:=

{ ✗ C-2£ : x-nx.ie#.Xn--w} then S
" / Uw) =/✗ C- 22 :X.mx#...xn+=w} , so V15 ' law))=MUw) .

Gauss
map . g :(0 , 1) → 10,1) ×:=

✗ ↳ µ
if ✗=D

then glxt-layayay.it .
I-11×1 ow

.
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, , :] 1×1=1×-4
.
This g doesn't preserve

- . . c-, the Lebesgue measure
,

but it preserves the measure dMH:=Y?÷dtH,
i.e. for A £10,11

,
MA)=§¥µ|dHx1 , so Ako ,D)=I .

Claim
. y preserves M .

Proof
.
Bese the intervals A :=[ 0

,
a) generate the Borel r- alg ,

it's enough to show it / g-' IA)) -- MA) .

g-
' ko,aD=Ñn÷aiI] , so 91g-Yat)=ÉMn÷a , ED
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= lot /¥
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= lottery knitting.GR#a+i)
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= ¥2 byline)=¥¥dHx) --1110,aD .

Kunal change of variable). T:(✗in) → (X,r) is d-preserving iff
HFELYX

,
M
, Jflx) dmx) =/ fuddled .

Proof
.

<=
.
Trivial : f :-11A her A c- X

,
so JIA da =/ 1AM dmx)

=/ It -ya,dM = MT" /As)
,

⇒ .
We know tht MIT" (A) ) - MA) for every measurable

sit AEX
,
so 11*1×1 DUH =/ Ialtxld Mid .

thus
,
we know this for linear comb

.
at indicator fanboy

called simple factions
.

For any ft L'
(IgM) f- =D

3- sequence (A) of simple functions s.t.fr/f.
Thus
,
the Monotone Convergence theorem gives

)fdf= )tlT×|dM✗ . Then for any fell, f-
- ft- F.



Koopman operator . To any pup
T:(✗it) → (X

, we associate

an operator I :L
' 14M→ L' 14^1

,
called Koopman .

f to foot

By the change of var formula
,
11TH

, =/ IfKilda)
= 11ft dot = 41-11

, , so
F is a linear isometry

(not necessarily surjective .
We abuse notation I write T for F

,
so Tf :=foT

.

Wandering sits and recurrence. let t be a pmp
trans

.
• a IX.f)

,

Def
.

A mens
.

set WEX is called wondering if W
,
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Obs
. Beene T is

pnp , wandering silos are null.
Proof

.

the sets W
,
T

' lwl
,
TYW)

,
. . . are pairwise disjoint I have gaal



measure
,
I bare Mx) < 9 , it must be 0.

Def. Call a set A :X T- forward recurrent if V- ✗ c- A
,
Fuel

it
.
1-
"

6) c- A.

Notation
.

For measurable sits A
,
BEX

,
write A=rB if AAB isaak

.

(Poicare
'

recurrence)
luck For every meas. A- c- ✗ is T - forward recurrent a. e. (asenaiy
Tis pnp) . More precisely, 7 meas . A

'
:X set

. ATA
'

A' is T - forward - recurrent .
Proof

.
let W := / ✗ C- A : Huh Tlx) & A} , mens . since Tiiueas .
N.be tht T

'

"W AW = Of it uzl
.
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1-
"
w n t-mw-OV-n-yw.no W is wandering , hear
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wall
. Thus

,
✓ Thw is null

.
let A
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Invariant sets and factions
.

For T a lyin) , recall the eg.net. Et.

Det . For an equivalence relation E on the at X
,
call AEK

E- invariant if A is a union of E- classes
.

Call a function f :X → Y E- invariant it it is constant
on every E-clan .

We call a set /function on 1km1 T- invariant if it is E--
invariant

.

Obs
. (a) A sit A- c- ✗ i , T- inv. <⇒ 1-

"

A-- A .

(b) A function f : ✗ → Y is T- inv
.
<⇒ Tf -- f.

Def . For an egret . E on ✗ at AEX
,
call

(A) E := { ✗ EX : -3g c- A ✗ Ey}
the E-saturation of A

.

= U T
-"

(MA)
.Dhs . For a sit A- c- ✗

,
[A)

Et
money

for ( of recurrence) . If T in pnp , then for every meas
.

A c- X
,
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for some A'=mA .

Proof
.
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'

,
A ' recurrent

,
so [ADE

,

= ÑT - "

A
'
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